Constitutive behaviour of mixed mode loaded adhesive layer  by Högberg, J.L. et al.
Available online at www.sciencedirect.comInternational Journal of Solids and Structures 44 (2007) 8335–8354
www.elsevier.com/locate/ijsolstrConstitutive behaviour of mixed mode loaded adhesive layer
J.L. Ho¨gberg a,*, B.F. Sørensen b, U. Stigh a
a Mechanics of Materials, University of Sko¨vde, Box 408, SE-541 28, Sweden
b Material Research Department, Risø National Laboratory, The Technical University of Denmark, Box 49, DK-4000 Roskilde, Denmark
Received 31 January 2007; received in revised form 13 June 2007; accepted 15 June 2007
Available online 21 June 2007Abstract
Mixed mode testing of adhesive layer is performed with the Mixed mode double Cantilever Beam specimen. During the
experiments, the specimens are loaded by transversal and/or shear forces; seven diﬀerent mode mixities are tested. The J-
integral is used to evaluate the energy dissipation in the failure process zone. The constitutive behaviour of the adhesive
layer is obtained by a so called inverse method and ﬁtting an existing mixed mode cohesive model, which uses a coupled
formulation to describe a mode dependent constitutive behaviour. The cohesive parameters are determined by optimizing
the parameters of the cohesive model to the experimental data. A comparison is made with the results of two ﬁtting pro-
cedures. It is concluded that the constitutive properties are coupled, i.e. the peel and shear stress depend on both the peel
and shear deformations. Moreover, the experiments show that the critical deformation in the peel direction is virtually
independent of the mode mixity.
 2007 Elsevier Ltd. All rights reserved.
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Lighter, stronger. Today, materials are tailored to fulﬁl the complex product requirements. For example,
the strength of ﬁbre reinforced composite materials is maximised by optimizing the ﬁbre direction to the load
direction. Modern products often integrate e.g. mechanical and electrical systems to fulﬁl functional require-
ments. Hence, the products are often multi-material, and traditional joining methods, e.g. welding, bolting,
and riveting, cannot always be applied. Adhesive bonding is an alternative joining method that is widely used
in the modern industry. Numerical simulations or virtual testing are gradually replacing many expensive and
time consuming experiments in the product design process. To be able to predict the strength of the adhesive
joints accurately, correct material data of adhesives are essential. Hence, it is critical to develop reliable testing
methods to obtain the constitutive behaviour of adhesive layers.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.06.014
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8336 J.L. Ho¨gberg et al. / International Journal of Solids and Structures 44 (2007) 8335–8354The macroscopic mechanical property of an adhesive layer can be described by a phenomenological con-
stitutive relation, by which the stress state is expressed as a function of the deformation of the adhesive layer.
This relation is assumed to be independent of the material and geometrical properties of the adherends. Under
monotonically increasing loading, the stress ﬁrst increases, to a plateau, at which stage plasticity and damage
takes place, the stress then decreases towards zero. At this point, the deformation has increased to a critical
value, Dc, and the energy dissipation in the Failure Process Zone (FPZ) has reached a critical value denoted
the fracture energy, Jc. After this point, crack growth takes place and new fracture surfaces are formed. For
adhesive joints, it is convenient to let the constitutive relation represent the mechanical behaviour of the entire
adhesive layer. Such a constitutive relation describes activities in the adhesive layer before and at fracture.
Both strength and fracture properties, dependent on the thickness of the layer, are given as material properties
of the adhesive layer, independent of the position along the layer. These properties are also independent of
other geometry parameters such as the crack length.
Through asymptotic expansion analysis of a generally loaded, three dimensional adhesive joint problem,
Schmidt (2007) concludes that the stress and deformation gradient through the thickness direction of an adhe-
sive layer can be regarded as constants, and the dominating deformation modes of an adhesive layer are peel
and shear. Here, we use the constitutive relation to describe the peel/normal and shear/tangential stress, r and
s, in relation to the peel/normal and shear/tangential deformation, w and v, in an adhesive layer, cf. Fig. 1.1.
Mathematically, the constitutive relation can be represented by traction-separation models, also referred to as
cohesive laws. Such laws have been used to model both initiation and growth of cracks in adhesive layers
(Mohammad and Liechti, 2000; Yang and Thouless, 2001; Kafkalidis and Thouless, 2002). In most cases,
it has been assumed that the cohesive laws for the normal and shear stresses are decoupled. Although there
is no physical justiﬁcation for this assumption, a very good agreement is obtained between model predictions
and experiments. However, on a physical basis, some sort of coupling is anticipated. For instance, it is reason-
able to expect that r and s vanish simultaneously at fracture. To this end, Ho¨gberg (2006) has recently pro-
posed a model that couples the normal and shear behaviour. Sørensen and Kirkegaard (2006) and Ho¨gberg
and Stigh (2006) have developed J-integral based approaches for the determination of mixed mode cohesive
laws. The method can be used to investigate whether cohesive laws in adhesive joints are coupled. In the pres-
ent paper, both terms, cohesive law and constitutive behaviour, are used to describe the stress-deformation
relation of the adhesive layer.
In use, adhesives are constrained to thin layers. As evidently shown by experiments, the fracture energy, i.e.
the area under the constitutive relation, depends on the thickness of the adhesive layer, cf. e.g. Chai (1988).
Thus, an adhesive constrained into a layer is expected to behave diﬀerently compared to the adhesive as a bulk
material. Under loading, the size of the FPZ in the adhesive layer is often much larger than the thickness of the
layer, cf. Andersson and Stigh (2004). Thus, the small scale FPZ condition is not fulﬁlled and the traditional
Linear Elastic Fracture Mechanics (LEFM) can not be applied. The use of an un-cracked butt joint specimen
to measure the constitutive relation can be tempting. However, experiments show that this specimen is prone
to be unstable; the softening part of the constitutive relation, which contributes substantially to the fracture
energy, is never captured experimentally.
In earlier studies on adhesive joints, it has been shown that the fracture energy of adhesive joints increases
with increasing shear deformation (Cao and Evans, 1989; Thouless, 1990; Wang and Suo, 1990; Liechti and
Chai, 1992; Chai, 2003; Tvergaard and Hutchinson, 1994; Andersson and Stigh, 2004; Leﬄer et al., 2007).
Although the structures are often designed to be loaded in shear, in practice, adhesive joints are likely toFig. 1.1. Two-dimensional modelling of the adhesive layer.
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appears much more diﬃcult to measure the properties in mixed mode loading than in pure mode I or II.
A few testing specimens and techniques for evaluating fracture properties have been developed. Most of
these are based on LEFM and the ﬂexibility of the adhesive layer is neglected. Reeder and Crews (1990) sug-
gest the Mixed Mode Bending (MMB) specimen for achieving a range of mode mixities1 on an adhesive joint.
Ducept et al. (2000) use an experimental compliance method to obtain fracture properties and mode mixity
with the MMB-specimen. Fernlund and Spelt (1994a) develop a load jig for mixed mode testing of adhesive
joints over the entire range of mode mixities from mode I to mode II. Fernlund and Spelt (1994b) develop
expressions for the Energy Release Rate (ERR) of symmetric adhesive joints, which explicitly accounts for
the thickness and the material properties of the adhesive layer. This load jig is also employed by other
researchers, e.g. Swadener et al. (2002) for studying adhesively bonded composite joints and Xie et al.
(2005) for studying adhesively bonded composite/steel joints.
The analyses of these experiments are made within the context of LEFM. These solutions are not applicable
to problems involving a large scale FPZ (Bao and Suo, 1992). Instead, the J-integral (Rice, 1968) should be
applied (Suo et al., 1992). When the FPZ is long, the J-integral solution usually diﬀers from that of LEFM,
even in the case that the adherends remain elastic (Suo et al., 1992). Then, only specimen for which a J-integral
solution is available should be used in the determination of constitutive behaviour. Sørensen and Kirkegaard
(2006) propose a Double Cantilever Beams loaded with Uneven Bending Moment (DCB-UBM) for experimental
studies due to the simplicity of the expression in evaluating the energy dissipation in the FPZ by the use of J-
integral. The DCB-UBM specimen and its J-integral expression are also adapted by others, e.g. van den Bosch
et al. (2006) for characterization of cohesive zone parameters.
To experimentally obtain the constitutive behaviour of an adhesive layer, it is advantageous to restrict the
number of process zones to one in the tested adhesive layer. This can be achieved by loading the specimen at
one end and using a long specimen. Due to the elastic properties of the adhesive layer, the far end of the spec-
imen will be virtually unloaded. Thus, a reasonably long specimen can be considered semi-inﬁnite in the
analysis.
The objective of this work is to experimentally obtain the constitutive behaviour of an adhesive layer under
mixed mode loading. The Mixed mode double Cantilever Beams (MCB) specimen used in the experiment is
described in Section 2. Implementation of the experiments is brieﬂy described in Section 3. In the ﬁnal and
main part of the paper, the experimental results are presented in three steps: the measured data, the evaluated
J-integral and the constitutive behaviour of the adhesive layer. The concept of using a constitutive relation to
describe the deformation and fracture process of an adhesive layer can also be adapted for studying other
problems, e.g. delaminations in layered composite materials.2. Specimen design: the MCB-specimen
The specimen used in the experiments is proposed by Ho¨gberg and Stigh (2006). This specimen is designed
to attain a full range of mode mixities, i.e. from pure peel to pure shear, smoothly by a simple adjustment of
the loading system. Based on the geometry of a semi-inﬁnitive symmetric DCB-specimen, and by combining
the basic loading cases for end-loaded systems, the MCB-specimen is designed.
A MCB-specimen consists of two identical adherends, with the Young’s modulus, E1, and the thickness, t1,
cf. Fig. 2.1. These adherends are joined by an adhesive layer with the thickness t. At the free end, each adher-
end of the MCB-specimen is loaded with an external force, F, with the same magnitude but opposite direction.
This pair of forces is self-equilibrating and the direction of action is deﬁned by the angle a relative to the adhe-
sive layer plane. Fig. 2.1 illustrates the loading system on the MCB-specimen as a superposition of the basic
loading systems: DCB for peel loading, End Loaded Split (ELS) and Cracked Lap Shear (CLS) for shear load-
ing. The sectional forces at the crack tip, x = 0 in Fig. 2.1, are the normal force N = Fcosa and the transversal
force V = Fsina. Pure mode I loading is obtained when a = 90 and pure mode II when a = 0. A theoretical1 The term ‘mode mixity’ refers to mode combination; the deﬁnition of mode mixity diﬀers in the literature. Later in this paper, the
deﬁnition of the mode mixity is given in Eq. (4.7).
Fig. 2.1. Mixed mode double Cantilever Beam (MCB) specimen as superposition of the basic loading systems.
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ity. Mode I loading dominates when a is long even for a near 0. A short a allows the mode mixity to be varied
smoothly from mode I to mode II with the constant variation of a from 90 to 0. Thus, the crack length a = 0
is chosen.
An inverse method is employed to experimentally obtain the constitutive behaviour of adhesive layers in
pure mode I and pure mode II (Olsson and Stigh, 1989; Sørensen, 2002; Andersson and Stigh, 2004; Leﬄer
et al., 2007). This method is based on the energetic balance of a specimen by use of the J-integral (Rice,
1968). Here, the inverse method is extended to mixed mode loading of the MCB-specimen. For an elastic adhe-
sive joint, linear or nonlinear, the J-integral is deﬁned byJ ¼
Z
s
W dy T  du
dx
ds
 
ð2:1Þwhere W ¼ R rde is the strain energy density. The traction vector T = rn, where r is the stress tensor and n the
unit normal vector directed outwards to the counter-clockwise integration path s. The displacement vector and
the strain tensor are denoted u and e, respectively. The coordinate system is deﬁned in Fig. 2.2.
The J-integral can be applied to the MCB-specimen. If a closed integration path without singularity is cho-
sen, e.g. the path s in Fig. 2.2, J = 0. The parts of the path that are not traction-free are situated at the crack
tip region at x = 0, denoted by DA, AB and BC. The loading condition in Fig. 2.2 is equivalent to the one in
Fig. 2.1, with the forces and the bending moments at x = 0N ¼ F cos a; V ¼ F sin a
M1 ¼ Vaþ Nt1=2; M2 ¼ Va Nt1=2 ð2:2a; b; c; dÞThe J-integral along the closed integration path s, or path AB and BA, yieldsJ ¼ JAB þ JBA ¼ 0 () JAB ¼ JBA ð2:3a; bÞFig. 2.2. Integration path s on the MCB-specimen.
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layer are: peel (mode I), shear (mode II), cf. Fig. 1.1. Evaluating the terms in Eq. (2.1) givesJAB ¼
Z v
0
sðw;~vÞd~vþ
Z w
0
rð~w; vÞd~w ¼ J adh ð2:4Þwhere w and v are the peel and shear deformations of the adhesive layer at the end of the FPZ (x = 0), respec-
tively. The same expression is obtained by Sørensen and Kirkegaard (2006) with a diﬀerent integration path at
the crack tip. In their treatment, the cohesive stresses act as surface tractions on the adherends along the cohe-
sive zone. Thus, Eq. (2.4) can also be interpreted as the work of the cohesive stresses within the cohesive zone,
i.e. the energy dissipation in the FPZ.
On the path BA, only the paths DA and BC contribute to JBA. Assuming the adherends to deform accord-
ing to the Euler–Bernoulli beam theory, Eq. (2.1) yields the J-integral through the adherends, or the total J
due to the loadJBA ¼ 12E1t1
F sin a
b
a
t1
 2
þ F sin a
b
ðw01  w02Þ þ
4
E1t1
F cos a
b
 2
¼ J load ð2:5Þwhere w01 and w
0
2 are the rotations of the adherends at the crack tip (x = 0) and b is the joint width. The terms
with Fsina are equivalent to the J of a DCB-specimen loaded by peel forces (Olsson and Stigh, 1989), and the
term with Fcosa is equivalent to the J of a Single-Sided Shear (SSS) specimen (Alfredsson, 2003). Due to the
path independency of the J-integral, the J due to the external load (evaluated along the path around the exter-
nal boundaries), denoted Jload in Eq. (2.5), balances the J of the adhesive layer, denoted Jadh in Eq. (2.4), by
Eq. (2.3). The chosen MCB-specimen geometry has a crack length a = 0 and the expression in Eq. (2.5) is sim-
pliﬁed toJ load ¼ F sin ab ðw
0
1  w02Þ þ
4
E1t1
F cos a
b
 2
ð2:6ÞThe variables F, w01 and w
0
2 in Eq. (2.6) are measurable in an experiment, which enables the evaluation of the
constitutive behaviour of the adhesive layer in terms of stress-deformation relationships by partial diﬀerenti-
ation of Eq. (2.4) (Sørensen and Kirkegaard, 2006)rðw; vÞ ¼ oJ adh
ow
; sðw; vÞ ¼ oJ adh
ov
ð2:7a; bÞIt is emphasized that in Eq. (2.7) w and v denote the peel and shear deformations at the end of the FPZ (x = 0).
This approach implicitly assumes that the cohesive stresses are derived from a potential function, i.e. that Jadh
does not depend on the deformation path, just on w and v. This method is referred to as the inverse method to
determine the constitutive behaviour of a material through the overall response of the structure.
3. Specimen manufacturing and test procedure
The geometry of the MCB-specimen is dimensioned by Ho¨gberg and Stigh (2006). The specimens are fab-
ricated by ﬁrst bonding two steel plates with 0.2 mm thick adhesive, then cut into desired width after curing.
The plates are made of tool steel, Rigor Uddeholm, 10.6 mm in thickness, with material data given in Table
4.1. The adhesive, DOW Betamate XW1044-3, is an epoxy toughened by a mineral compound, approximately
25% in volume fraction (Salomonsson and Andersson, 2007). To enhance the bonding surfaces, the plates are
cleaned with n-Heptane and Accetone. Both the plates and the adhesive (in tube) are preheated to 50 C before
the adhesive is applied. This is to increase the viscosity of the adhesive for facilitating the spreading of adhesive
to a thin layer with minimum ﬂaws. Teﬂon ﬁlm stripes of 0.2 mm are inserted between the plates to ensure an
even thickness of the adhesive layer, as well as the crack tip position. The plates are then joined and aligned by
guiding holes and pins. After curing at 180 C for 30 min, the joined plates are left in the oven to gradually
return to room temperature to minimise residual stresses. The joined plates are then cut into 4 mm wide spec-
imens. Three batches of plates are made; each batch gives 15 specimens. The specimens from the batches are
randomly chosen in the experiments.
Table 4.1
Material and geometrical data for the MCB-specimen used in experiments
Overall joint Bonded length L = 100 mm
Joint width b = 4 mm
Crack length a = 0 mm
Adherends Tool steel plates, Rigor by Uddeholm
Thickness t1 = 10.6 mm,
Young modulus E1 = 216 GPa
Yield strength ryield > 500 MPa
Adhesive Toughened epoxy, DOW Betamate XW1044-3
Thickness t = 0.2 mm
fixture
specimen 
 α = 90° α = 0° 
Fig. 3.1. Fixtures with the MCB-specimen.
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machine. Seven diﬀerent mode mixities can be achieved, with loading angles a = 0, 15, 30, 45, 60, 75
and 90. Two forks are also manufactured to allow the tensile machine to grip the ﬁxtures at diﬀerent angles.
A servohydraulic testing system, Instron 8874, with loading capacity of ±10 kN is used. The experiments are
made at a constant displacement rate of 5 lm/s. The loading force is recorded on a computer during the
experiments.
The commercial optical measuring system, ARAMIS 4M (GOM, Germany), is used to measure the dis-
placement of the MCB-specimen under the loading process. A speckle pattern is applied to the specimen sur-
face by white and black spray paint. Images of the specimen are ﬁrst captured and recorded by two 4 Mpixel
cameras, then evaluated automatically using 3D image correlation photogrammetric principle. This procedure
requires that the specimen surfaces are coated with stochastic pattern, in this case, black speckles on blank
white background. A resolution of 0.67 lm/pixel is achieved and an area with approximately 35 mm long
adhesive layer is captured.
4. Results
As describes in Section 2, evaluation of the energy dissipation and the constitutive relation of the adhesive
layer is based on the J-integral. In addition to the geometry and material data, the parameters measured dur-
ing the experiment are: the external force F, the rotation of the adherends w01 and w
0
2 at the crack tip (x = 0),
and the deformation of the adhesive layer w and v at the crack tip (x = 0).
A total of 32 specimens are tested, with at least four specimens tested at each of the seven loading angles.
During the experiments, neither rapid load drops nor rapid crack propagations are observed. This indicates
that the FPZ evolves gradually. But this also causes diﬃculties in visually distinguishing the crack front, as
well as in direct identiﬁcation of the crack initiation. The load vs. displacement relation under the loading
point shows consistent results indicating the quality of the experiments. In this section, the measured data
are ﬁrst presented, followed by an evaluation of the J. The constitutive relation of the adhesive is then
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berg (2006), secondly by ﬁtting the J-w-v data to Chebyshev polynomials and diﬀerentiating according to Eq.
(2.7).
4.1. Measured data
The ﬁnal material and geometry data of the MCB-specimens used in the experiments are summarised in
Table 4.1. The loading history is shown in Fig. 4.1, where the external force, F, is plotted against the total
deformation of the adhesive layer at the crack tip, D ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃw2 þ v2p . No instability is observed; F increases to
a maximum and then declines somewhat. The maximum loading force in the peel mode for the design loading
angle, adesign = 90, is approximately 700 N; for the shear mode, adesign = 0, the maximum loading force is
more than four times larger, up to 3250 N.
The ARAMIS 4M system records the displacements in the crack tip area. Displacement data of four par-
ticular points at the crack tip, cf. Fig. 4.2, are extracted from the system for determination of the rotation of
the adherends and the deformation of the adhesive layer.
The adherends remain elastic under the loading. For small deformation of the adherends, the rotations of
the adherends at the crack tip are evaluated byFig. 4.
adesign
Fig. 4.
adesignw01 ¼
ux;1  ux;2
y1  y2
w02 ¼
ux;3  ux;4
y3  y4
ð4:1a; bÞwhere ux,i is the displacement in x-direction and yi is the coordinate in y-direction of point i, where i = 1, 2, 3,
4. The coordinate system is ﬁxed to the undeformed conﬁguration, cf. Fig. 4.2. The adherends bend in oppo-
site directions in peel dominating modes. However, it is found for all tests that the adherends bend towards the0 0.1 0.2 0.3
1000
2000
3000
F (N)
Δ (mm)
increasing in shear
1. Loading force, F, vs total deformation of the adhesive layer, D. One typical specimen is chosen from each loading angle,
= 90, 75 . . . 0, with increasing in shear loading from the bottom to the top.
2. Displacement data of the four points (left) gives the rotations of the adherends (right). One typical specimen is chosen for
= 90, 15, 0, respectively.
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Fig. 4.2 (right). This rotation is given byTable
The co
Sh
ea
r 
   
pe
el
The fr
Fig. 4.
each lo
are sim
The cic ¼ ðw01 þ w02Þ=2 ð4:2a; bÞ
Thus, the true loading angle, a, is the design loading angle, adesign, modiﬁed by the rigid body rotation: a =
adesign + c. With an increasing shear mode, c increases, up to 5 for adesign = 0. The average value of a for
each loading case is listed together with adesign in Table 4.2.
The shear and peel deformation of the adhesive layer are deﬁned as the diﬀerences of the longitudinal and
vertical displacements of the adhesive/adherend interfaces relative to the orientation of the adhesive layer. To
deﬁne these, the deformations relative to the ﬁxed coordinate system are ﬁrst givenvo ¼ ux;3  ux;2 wo ¼ uy;3  uy;2 ð4:3a; bÞ
With consideration to the rigid body rotation c, the deformations becomev ¼ vo þ ðwo þ tÞc w ¼ wo  voc ð4:4a; bÞ
where t is the thickness of the adhesive layer. The derivation of Eq. (4.4) is given in Appendix A. The defor-
mation paths are plotted in Fig. 4.3 in the interval [0,Dc]. The critical deformation of the adhesive layer, Dc, is
deﬁned when J reaches its maximum and the crack starts to propagate, cf. Section 4.2. For all tested loading
angles, the adhesive layer deforms nonlinearly and in a combination of peel and shear. Now we split Dc in a
peel component, w*, and a shear component, v*, D
2
c ¼ ðvÞ2 þ ðwÞ2. It is observed from Fig. 4.3 that v*
increases with an increased shear loading while w* remains in the same range of magnitude, 0.1–0.15 mm.
Thus, the critical peel component of the deformation of the adhesive layer appears to be almost independent4.2
rrected loading angle a and the estimated mode mixity angle he by Eq. (4.9) listed here are the average value from each loading case
Loading angles () Fracture energy Jc (kJ/m2) Mode mixity angle he ()
adesign a = adesign + c Jc = Jmax Jc = Jstab For Jc = Jmax For Jc = Jstab
90 90.1 0.79 0.71 90.0 90.0
75 75.2 0.83 0.71 86.4 86.6
60 60.3 0.82 0.72 82.3 82.7
45 46.0 0.77 0.74 77.1 77.7
30 30.8 0.85 0.80 68.4 69.2
15 16.9 1.08 0.96 51.9 53.4
0 4.7 1.43 1.34 18.9 19.8
acture energy and mode mixity are given with two deﬁnitions: Jc = Jmax and Jc = Jstab.
3. Deformation paths (the shear deformation vs the peel/normal deformation) are nonlinear. One typical specimen is chosen from
ading angle, adesign = 90, 75 . . . 0, with increasing in shear loading from the left to the right (left). Normalized deformation paths
ilar for all loading angles (right). Same specimens are plotted in both graphs. The lines in the left graph end when Jmax is reached.
rcles show the maximum value of J for J < 0.97Jmax.
Fig. 4.4. The evaluated Jload. One typical specimen is chosen from each loading angle. The curves are plotted in the interval [0,Dc], where
Dc is the critical deformation deﬁned by the point when Jmax is reached. The circles depict Jstab.
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the deformation paths are similar irrespective of the loading angle, cf. Fig. 4.3 (right). It appears that the peel
deformation governs towards fracture for all cases. Shear dominating deformation at the initial stage indicates
the elastic-plastic deformation phase when the volume of the adhesive remains nearly constant. At the latter
stage, the peel deformation dominates, which indicates the volume increase in the adhesive. Thus, the fracture
process is dependent on the triaxiality at the crack tip. Possible reasons for this behaviour in relation to the
formation and growth of microcracks are discussed in Section 5.
4.2. Energy dissipation in the FPZ
With the measured data given in the previous section, the energy dissipation in the FPZ of the adhesive
layer can now be evaluated using Eq. (2.6). Fig. 4.4 shows the total Jload plotted against the total deformation
of the adhesive layer at the crack tip D, in the interval [0,Dc], where Dc is the critical deformation deﬁned by the
point when the maximum J, Jmax, is reached. Thus, the experiments continue after the maximum is reached,
but only the part up to the maximum is plotted here. It is assumed that fracture occurs when the maximum J,
or the fracture energy, Jc, is reached, i.e. Jc = Jmax. The fracture energy lies between 0.7 and 1.65 kJ/m
2 when
the loading is varied from peel to shear mode. Both Jc and Dc increase with an increasing shear mode, hence
the adhesive layer is stronger in shear.
As shown in Fig. 4.4, the J curves ﬂat out before the corresponding Jmax values are reached, especially for
the shear dominated cases. Visually it is diﬃcult to identify the crack tip position as well as the moment of
fracture. This is partly due to the diﬃculties in distinguishing the macrocrack from the microcracks, and partly
the diﬃculties in measuring of their positions. Alternatively, the moment of fracture can be deﬁned by the
point when a stabilized value of J, Jstab, is reached.
2 For the performed experiments, the values of Jstab are
approximately 97% of Jmax. For deﬁning the fracture energy Jc = Jstab, Jc is assumed to be the maximum value
for all J < 0.97Jmax. These values are depicted by circles in Figs. 4.3 and 4.4. The experimental data of Jc with
both deﬁnitions, Jc = Jmax and Jc = Jstab, are listed in Table 4.2.
4.3. Constitutive behaviour obtained by the H-model
Here, the experimental data, measured and evaluated, are ﬁtted to the mixed mode cohesive model sug-
gested by Ho¨gberg (2006). It allows for diﬀerent fracture parameters, such as fracture energy, strength and
critical separation in diﬀerent mode mixities, which is suitable for describing the constitutive behaviour of2 The MCB-specimens used in the experiments have the crack length a = 0. The steady state J value can not be obtained since J is not
evaluated after the crack starts to grow, i.e. a > 0. The expression for J in Eq. (2.5) includes the parameter a, which is not measured during
the experiments due to the diﬃculties in distinguishing the macrocrack from the microcracks. Thus, we refer to the stabilized J value before
the Jmax is reached as Jstab.
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model is given here.
4.3.1. The H-model
For both pure mode I and II, the constitutive behaviour of the adhesive layer are simpliﬁed by a saw-tooth
shaped curve, which captures the three characteristic constitutive parameters: the fracture energy (JIc and JIIc),
the strength (rc and sc), and the linear elastic properties (kI and kII). The H-model consists of a total of six
independent cohesive parameters; three parameters determined from each pure mode. Thus, experimental
results from pure mode I and mode II loading are enough to numerically predict the mixed mode behaviour
with the given cohesive law. In the current study, the cohesive parameters are obtained by ﬁtting the param-
eters of the H-model to the experimental data, and the experimental results from the tested mode mixities are
compared to the H-model.
Under mixed mode loading, the H-model uses a dimensionless deformation measure k as the coupling
parameter (Tvergaard and Hutchinson, 1994). This is deﬁned byk2 ¼ v2 þ w2 ¼ v
vc
 2
þ w
wc
 2
ð4:5Þwhere w and v are the dimensionless peel and shear deformation normalized by the critical deformation in pure
peel and shear, wc and vc , respectively. The softening behaviour of the adhesive layer begins when k = kp,
which is given byk2p ¼
v2pw
2
p
v2p sin
2 hþ w2p cos2 h
ð4:6Þwhere wp ¼ wp=wc and vp ¼ vp=vc are the normalized softening separations in mode I and II, respectively, cf.
Fig. 4.5. The mode mixity, h, is deﬁned by the ratio of the dimensionless peel and shear deformationstan h ¼ w
v
ð4:7ÞThe linear elastic analysis by Ho¨gberg and Stigh (2006) shows the relation between the loading angle a of the
MCB-specimen and the mode mixity angle he astan he
tan a
¼ 2 jp
js
G
E
vc
wc
ð4:8ÞHere, the subscript ‘e’ is used to indicate that the result originates from an elastic analysis. Furthermore,
j4p ¼ 6kI=ðE1t31Þ and j2s ¼ 8kII=ðE1t1Þ are the wave numbers due to the cross-sectional properties of the speci-
men, kI and kII are the elastic parameters of the adhesive layer in peel and shear, respectively. The shear mod-cw
w
cv
v
λ
pwp
v
pλ 1
1
1
S
fracture boundary, Eqs. (4.15-16)
Fig. 4.5. Graphical presentation of the mixed mode cohesive law, cf. Eq. (4.10) (Ho¨gberg, 2006).
J.L. Ho¨gberg et al. / International Journal of Solids and Structures 44 (2007) 8335–8354 8345ulus of the adhesive layer is G = E/[2(1 + m)] and the eﬀective peel modulus of the adhesive layer is
E ¼ Eð1 mÞ=½ð1 2mÞð1þ mÞ with the Young’s modulus E and the Poisson’s ratio m of the adhesive. With
the sawtooth shape, J Ic ¼ rcwc=2 and J IIc ¼ scvc=2, kI ¼ E=t ¼ rc=wp and kII = G/t = sc/vp, he is given bytan he ¼ 2 jpjs
wp
vp
J IIc
J Ic
tan a ð4:9ÞFor each mode mixity h, in the range of [0,p/2], the normalized stress, S, is deﬁned bySðk; hÞ ¼
k
kpðhÞ when 0 < k 6 kp
1k
1kpðhÞ when kp < k 6 1
0 when k > 1
8><
>: ð4:10ÞThis is shown schematically in Fig. 4.5. The normalized J is deﬁned as the area under the normalized stress
curve SJðk; hÞ ¼
Z k
0
Sð~kÞd~k ¼
Z w
0
S
~k
~wd~wþ
Z v
0
S
~k
~vd~v ¼ Jðw;vÞ ð4:11ÞDecomposition of the normalized J is based on the deformation in peel and shear directions, i.e.J I ¼
Z w
0
S
~k
~wd~w; J II ¼
Z v
0
S
~k
~vd~v ð4:12a; bÞwhich gain a physical meaning by multiplication with the characteristic cohesive parametersJ I ¼ rcwcJ I ¼ 2J IcJ I; J II ¼ scvcJ II ¼ 2J IIcJ II ð4:13a; bÞ
This gives the total JJ ¼ J I þ J II ¼ Jð2J Ic sin2 hþ 2J IIc cos2 hÞ ð4:14Þ
Eqs. (4.12–14) are consistent with Eq. (2.4). With the H-model, the softening initiates at k = kp, at which point
the strength is reached; the fracture initiates when k = kc = 1, at which point the fracture energy is reached.
The critical separation at all mode mixities is kc = 1. The strength Sc = 1 and the dimensionless fracture energy
J c ¼ 1=2, are independent of the mode mixity. The fracture energy Jc varies with the mode mixity h according
toJ c ¼ J Ic sin2 hþ J IIc cos2 h ð4:15Þ
and the critical deformation of the adhesive layer isD2c ¼ ðwc sin hÞ2 þ ðvc cos hÞ2 ð4:16Þ
Eqs. (4.15–16) are referred to as the fracture boundary of the H-model in the sequel.
4.3.2. Fitting the H-model
To deﬁne the H-model, six cohesive parameters from pure mode I and II are required. The following six
cohesive parameters, JIc and JIIc, wc and vc, wp and vp, are chosen to deﬁne the constitutive behaviour of
the tested adhesive layer. In all experiments, the measured mode mixity angle h, Eq. (4.7), increases towards
nearly 90, or the pure peel mode, at fracture, cf. Fig. 4.3. The plots of the measured h, cf. Appendix B, show
oscillations with high amplitude, i.e. rapid variations in h, at the initial stage, which encumber the determina-
tion of the mode mixity. However, he determined using Eq. (4.9) gives good estimation of the initial h for the
tested loading cases. Thus, Eq. (4.9) is used to deﬁne the mode mixity angle, which is dependent on the loading
angle as well as the cohesive parameters.
The fracture energy and the critical separation in pure mode I and II can be deﬁned through the fracture
boundary, cf. Eqs. (4.15–16), i.e. JIc = Jc(h = 90) and JIIc = Jc(h = 0), wc = Dc(h = 90) and vc = Dc(h = 0).
Pure mode II loading, h = 0, is not obtained, i.e. w5 0 in all experiment. To obtain the fracture parameters
8346 J.L. Ho¨gberg et al. / International Journal of Solids and Structures 44 (2007) 8335–8354in pure mode I and II, the fracture boundaries are ﬁtted to the experimental data. An optimization procedure
with a least square ﬁtting method is applied, using Jc as the ﬁtness criterion.
For each loading angle, the softening separation is obtained by least square ﬁtting of Jload in Eq. (2.6) to the
J given by Eq. (4.13). Linear extrapolations of wp and vp as a function of the loading angle give wp at h = 90
and vp at h = 0. These values are used as the starting value for the optimization procedure of the fracture
boundary. The linear extrapolation is also used to obtain the starting value of the fracture energy and the crit-
ical separation in the pure modes.
The moment of fracture can be deﬁned using Jc = Jmax or Jc = Jstab. The values of Jc remain in the same
range for both deﬁnitions of Jc, but the values of Dc are much lower for Jc = Jstab, cf. Figs. 4.3 and4.4. This can
indicate that the crack starts to propagate when J reaches the stabilized value, Jstab. Beyond this instant, the
measured deformations at the crack tip are in fact the rapid separation of the newly created fracture surfaces.
In Figs. 4.6 and 4.7 the graphs are plotted using Jc = Jstab to deﬁne the moment of fracture. Fig. 4.6 shows the
fracture energy, Jc, and the critical deformation of the adhesive layer, Dc, plotted against the true loading
angle, a. The circles are the experimental data, and the solid lines are the optimized fracture boundary, cf.
Eqs. (4.15–16). In Fig. 4.7, Jc and Dc are plotted against the linear elastic estimation of the mode mixity angle,
he. The evenly distributed circles in the a-axis direction are moved rightwards and crowded towards the peel
mode in the h-graphs. However, the fracture boundary of the H-model is smoothened out in the h-graphs.
Compared to the Dc-boundaries (the solid lines in the right column graphs in Figs. 4.6, and 4.7), the Jc-bound-
aries (the solid lines in the left column graphs) are better ﬁtted to the experimental data (the circles). This is a
natural outcome of choosing Jc as the ﬁtness criterion in the optimization procedure. It is also expected that
the Jc values are less scattered than the Dc values, since Jc is chosen for deﬁning the moment of fracture.0 30 60 90
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Fig. 4.6. Jc and Dc plotted against the true loading angle a, using Jc = Jstab. Circles are the experimental data, solid lines are the fracture
boundary of the H-model.
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Fig. 4.7. Jc and Dc plotted against the mode mixity angle h, using Jc = Jstab and h = he. Circles are the experimental data, solid lines are the
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ing the H-model. With the sawtooth shape of this model, the strength (rc and sc), and the linear elastic prop-
erties (kI and kII) are also given. The values of these cohesive parameters are tabulated in Table 4.3, for both
deﬁnitions of the fracture energy, i.e. Jc = Jmax and Jc = Jstab. Using Jc = Jstab for deﬁning the moment of
fracture gives much better ﬁt of the J curve of the H-model to the experimental data (Ho¨gberg, 2007). The
graphical presentation of the cohesive parameters for Jc = Jstab is given in Fig. 4.8, in which the constitutive
behaviours of the tested adhesive layer in pure mode I and II are plotted in the left graph, and J for all mode
mixities vs. the peel and the shear deformation of the adhesive layer is plotted in the right graph. The variation
in fracture parameters due to the mode mixity is captured. In Appendix B, J and the mode mixity angle for D
in the interval of [0, Dc] are plotted for three representative loading angles. For more detailed experimental
results, cf. Ho¨gberg (2007).
With Eq. (2.7), the constitutive behaviours of the mixed mode loaded adhesive layer are obtained. These
stress-deformation relations, r (w,v) and s (w,v), are illustrated in Fig. 4.9. The curves deﬁned on the planes
r (w, 0) and s (0,v) are equivalent to the ones in the left graph in Fig. 4.8.
4.4. Constitutive behaviour obtained by the Chebyshev polynomials
In this section, the constitutive behaviour of the adhesive layer is obtained by partial diﬀerentiating J, cf.
Eq. (2.7). The J evaluated in Section 4.2 are used as a starting point. The value of Jstab is used to deﬁne the
moment of fracture.Table 4.3
The cohesive parameters of the H-model are compared to the earlier experiments: peel experiment with the DCB-specimen by Andersson
and Stigh (2004) and shear experiment with the ENF-specimen with Leﬄer et al. (2007)
The H-model for The H-model for Earlier experiments with
Jc = Jmax Jc = Jstab DCB and ENF
Fracture energy (kJ/m2) JIc = 0.79 JIc = 0.71 JIc = 0.76
JIIc = 1.51 JIIc = 1.42 JIIc = 2.27
Strength (MPa) rc = 10.4 rc = 14.2 rc = 20
sc = 8.6 sc = 16.6 sc = 25
Elasticity kI = 975 MPa/mm kI = 1.06 GPa/mm kI = 8.13 GPa/mm
kII = 586 MPa/mm kII = 1.27 GPa/mm kII  3 GPa/mm
Critical deformation (mm) wc = 0.15 wc = 0.10 wc = 0.07
vc = 0.35 vc = 0.17 vc = 0.16
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Fig. 4.8. Constitutive behaviour of the adhesive layer by the H-model, with Jc = Jstab. Stress deformation relation in pure peel and shear
(left); J against peel and shear deformation (right). For the tested mode mixities, the evaluated J from the experiments are plotted together
with the J of the H-model in Appendix B.
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8348 J.L. Ho¨gberg et al. / International Journal of Solids and Structures 44 (2007) 8335–8354First we consider the pure mode I data. Under pure peel deformation, the shear stress, s, does not contrib-
ute to the toughening since the shear deformation, v, does not change from zero. Then, the peel stress, r, is
obtained from the J data by diﬀerentiation with respect to the peel deformation, w, cf. Eq. (2.7a). The results
shown in Fig. 4.10 are obtained by numerical diﬀerentiation using a method described elsewhere (Sørensen,
2002). It is seen from the left graph in Fig. 4.10 that r increases from zero to a peak stress rc  13 MPa at
w = wp  0.01 mm. With increasing w, r decreases towards zero. The data does not give the critical peel defor-
mation, wc, at which the cohesive stress vanishes completely. Assuming that the cohesive stress decreases in a
linear fashion with increasing w, wc  0.09 mm. The initial steepness of the curve, kI, is found to be 2.6 GPa/
mm.
When adhesive layers deform in pure mode II, w = 0, only the shear stress, s, contributes to J according to
Eq. (2.4). As shown in Fig. 4.3, none of the tested specimens give pure shear deformation, v. We will never-
theless use the data from the experiment having the smallest peel deformation (the loading angle adesign = 0)
and assume that the contribution from r to the J-integral is small. Then s is obtained by diﬀerentiation of the
J, cf. Eq. (2.7b). With the assumption above, this leads to a slight overestimated s. In Fig. 4.10, s (v) is shown
in the right graph. The shear stress increases to a peak value sc  26 MPa at v = vp  0.023 mm, and after-
wards decreases with increasing v. The shear stress is estimated to vanish completely at a critical shear defor-
mation, vc, of about 0.13 mm. The slope of the initial rising part, kII, is 2.3 GPa/mm. Note that sc is found to
be about twice as high as rc.
Under mixed mode loading, the constitutive relations can be obtained by partial diﬀerentiation according
to Eq. (2.7). To do so, a surface is ﬁrst ﬁtted to the J-w-v data using orthogonal polynomials. An approach
suggested by Sørensen and Kirkegaard (2006) is adapted. Only a brief summary of the approach is given here;
cf. Sørensen and Kirkegaard (2006) for details.0.00 0.05 0.10
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Fig. 4.10. The peel stress as a function of the peel deformation in pure mode I, r (w), to left; the shear stress as a function of the shear
deformation in pure mode II, s (v), to right. Obtained by numerical diﬀerentiation of J, cf. Sørensen (2002).
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range of [-1; 1] using a linear transformation. Denote the transformed values of w and v by x and y, respec-
tively. The J x y data are ﬁtted with a sum of products of Chebyshev polynomials asFig. 4.
case, of ðx; yÞ ¼
Xk
i¼0
Xl
j¼0
aijT iðxÞT jðyÞ ð4:17Þwhere T iðxÞ and T jðyÞ are the Chebyshev polynomial of the ﬁrst kind of degree i and j, respectively. In Eq.
(4.17), k and l denote the maximum polynomial degree of T iðxÞ and T jðyÞ, respectively. The coeﬃcients aij
are obtained by minimizing the sum of squared deviations. Having determined the coeﬃcients aij, the cohesive
stresses are obtained by partial diﬀerentiation, cf. Eq. (2.7).
A study using synthetic data shows that the maximum polynomial degrees (k and l) should be 3 or higher to
obtain a reasonably good representation of the shape of the cohesive stresses (Sørensen and Kirkegaard,
2006). A higher maximum polynomial degree may give a more accurate shape and peak values, but errors
may also result, in particular in the areas near (w,v) = (wc, 0) and near (w,v) = (0,vc). This limits the magnitude
of the maximum polynomial degree. In practice, the maximum attainable polynomial degree also depends on
the quality of the supplied data, e.g. spatial distribution.
Fig. 4.11 shows the peel stress, r (w,v), obtained using k = 3 and l = 2. For pure peel deformation
(v = 0 mm), r increases from zero to a peak value rc  11 MPa at wp  0.06 mm and decreases to zero at
wc  0.13 mm. These results are in reasonably good agreement with the results obtained under pure mode
I, cf. Fig. 4.10. Returning to Fig. 4.11, we note that for a ﬁxed value of w, r decreases with increasing v.
For large peel deformation (w > 0.1 mm), r increases with increasing v for v > 0.06 mm. However as shown
in Fig. 4.3, for v > 0.05 mm, data is only available from a single experiment. This is not suﬃcient to ensure
a good surface ﬁt. Thus, the results for v > 0.05 mm are subjected to large uncertainties and should perhaps
be disregarded. For pure shear deformation (w = 0), one may expect the peel stress to be zero. Using the pres-
ent approach, r is found to be close to zero (<2 MPa) for w = 0.
The shear stress, s, obtained using k = 2 and l = 3 is shown in the right graph in Fig. 4.11. For pure shear
deformation (w = 0 mm), s increases from zero to a peak value sc  26 MPa at vp  0.05 mm and decreases to
zero at vc  0.10 mm. These results are in reasonably good agreement with the results obtained in the pure
mode II analysis, cf. Fig. 4.10. The shear stress depends on both v and w. For a ﬁxed value of v, s decreases
with increasing w. For pure peel deformation (v = 0), s is expected to be zero. However, the analysis gives s for
v = 0 as high as 7 MPa, cf. Fig. 4.11. This disagreement is attributed to the relative low polynomial degree
used in the analysis. Nevertheless, the ﬁt is expected to provide a good shape of the constitutive relation.0.10
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11. The peel and shear stresses as function of the peel and shear deformations, r (w,v) to left and s (w,v) to right, the mixed mode
btained by partial diﬀerentiation of Chebyshev polynomials ﬁtted J. Only positive stresses are shown.
Table 4.4
The cohesive parameters obtained by partial diﬀerentiation of J are compared to the H-model parameters
Pure mode I & II ﬁtting Mixed mode ﬁtting H-model
Strength (MPa) rc = 13 rc = 11 rc = 14.2
sc = 26 sc = 26 sc = 16.6
Elasticity (GPa/mm) kI = 2.6 N/A kI = 1.06
kII = 2.3 kII = 1.27
Softening deformation (mm) wp = 0.010 wp = 0.06 wp = 0.014
vp = 0.023 vp = 0.05 vp = 0.013
Critical deformation wc = 0.09 wc = 0.13 wc = 0.10
vc = 0.13 vc = 0.10 vc = 0.17
The fracture energy is deﬁned by Jc = Jstab, this gives JIc = 0.71 kJ/m
2 and JIIc = 1.42 kJ/m
2 in pure mode I and II, respectively. The
approach developed by Sørensen (2002) is used for the pure mode I and II ﬁtting, and the approach developed by Sørensen and
Kirkegaard (2006) is used for the mixed mode ﬁtting.
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ties, and no values are calculated.
The cohesive parameters obtained in this section are tabulated in Table 4.4 together with the cohesive
parameters of the H-model. The moment of fracture is deﬁned by Jc = Jstab, which gives the fracture energy
in pure mode I and II: JIc = 0.71 kJ/m
2 and JIIc = 1.42 kJ/m
2, respectively. Good correspondence is observed
for the parameters in the peel mode using diﬀerent approaches. For the shear mode, the maximum stress
obtained here is much higher compared to the strength of the H-model. This automatically leads to a shorter
critical deformation since the same fracture energy is used in both approaches. The critical deformations in the
H-model are deﬁned by the J-D curves obtained in Section 4.2., before the numerical diﬀerentiation is applied.
Thus, the values of Dc, wc and vc of the H-model are based on the direct experimental data and should be con-
sidered as the true physical cohesive parameters.
The initial steepness of the r (w) and s (v) curves shown in Fig. 4.10 is much higher than the elasticity of the
H-model, but in the same range of magnitude as the elasticity values obtained in the earlier experiments
(Andersson and Stigh, 2004; Leﬄer et al., 2007), cf. Table 4.3. However, if we assume a linear behaviour
of the adhesive layer before the strength is reached, i.e. the same assumption used for the H-model, the elas-
ticity for the r (w) and s (v) curves in Fig. 4.10 becomes: kI = rc/wp = 1.3 GPa/mm and kII = sc/vp = 1.13
GPa/mm. These values are close to the values obtained using the H-model, cf. Table 4.4.
5. Discussion
The deformation path of the adhesive is nonlinear in all experiments. The normalized deformation paths,
cf. Fig. 4.3, are similar irrespective of the loading modes, shearing followed by peeling. The shear dominating
deformation at the initial stage implies the elastic–plastic deformation phase before microcracks are formed,
when the volume of the adhesive remains nearly constant. At the latter stage, in which peel deformation dom-
inates, microcracks appear and grow and the volume of the adhesive increases. The increase in volume leads to
the nonlinear deformation path. It can also be noted that shear fracture with w = 0 appears unattainable.
Some peel deformation was also observed in earlier shear testing of the same adhesive layer with the ENF-
specimen (Leﬄer et al., 2007).
The magnitude of the critical deformation increases with an increasing shear mode. However, the mag-
nitude of the component of this deformation in the peel/normal direction remains in the same range, cf.
Fig. 4.3. A physical interpretation of this observation is that microcracks are formed after the elastic–plas-
tic deformation and their growth causes an increase in volume of the adhesive. The process of formation
and growth of the microcracks in its turn favours the normal direction of the deformation. For fracture,
the microcracks must grow to a certain size to coalescence to the macrocrack. Accordingly, the volume of
the adhesive must also increase to a certain size, which is directly related to the magnitude of the peel/
normal deformation.
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et al., 2007), the set of cohesive parameters obtained using Jc = Jstab shows better agreement than using
Jc = Jmax. The fracture energies of the current study are lower, especially in shear/mode II. This can be
explained by the diﬀerence in the loading condition on the adhesive layer; the ENF-specimen in the earlier
shear experiment applies compression forces to the adhesive layer. This delays the deformation in the peel/nor-
mal direction. As discussed above, the adhesive deforms in two stages: the shearing dominating stage followed
by the peel dominating stage towards fracture. The fracture energy increases with increasing shear proportion
of the total deformation. The compression force on the ENF-specimen yields a longer shear deformation and a
higher fracture energy. The critical deformations from the earlier experiments are slightly shorter, which might
be due to the fact that only peel or shear component of the total deformation, w or v, is measured in the respec-
tive set of experiments. With a lower fracture energy and a longer critical deformation, the strengths obtained
in this study are hence lower compared to the earlier experiments.
The fracture surfaces of the MCB-specimens show that the adhesive layers are fractured cohesively. Flakes
that characterize the shear fracture are observed on the specimens loaded mainly by shear forces. Much larger
fracture surfaces are built with the formation of these ﬂakes, and therefore larger fracture energies are taken
up by the FPZ. It can be noted that interfacial debondings are observed at one edge of the fracture surface,
which are consistently situated to the grinded side of the specimen, less than 10% of the layer width, b, is
aﬀected. The heating during the grinding might have degraded the tested adhesive. If we account for this
by decreasing b with 10% in the calculation of the fracture energy, we ﬁnd that Jc increases with 11% to
23% from the peel loading mode to the shear loading mode, cf. Eq. (2.6). This gives results in a better agree-
ment with the earlier experiments, cf. Table 4.3.
In linear elastic analysis, the mode mixity of the adhesive layer can be decomposed into mode I and II
according to the deformation or the energy dissipation in the FPZ of the respective mode, e.g. using the mode
I and mode II stress intensity factors KI and KII. However, the decomposition is not obvious for an adhesive
layer in general. Due to the nonlinear deformation paths observed in the experiments, the mode mixity of the
adhesive layer varies even though the proportion of the loading modes remains nearly constant in each exper-
iment. The energy is taken up for elastic–plastic deformation mainly in the shear direction and later for for-
mation and growth of microcracks in the peel/normal direction. The energy dissipation in the FPZ is hence
always in mixed mode irrespective the loading mode.
6. Conclusions
Mixed mode testing of adhesive layer is successfully performed with the MCB-specimen, which is designed
to allow the adhesive layer to be loaded by a force varying smoothly from pure peel to pure shear. An explicit
J-integral expression is derived for the MCB-specimen and used to evaluate the energy dissipation in the FPZ.
The measured deformations of the adhesive layer in the FPZ show a nonlinear deformation path in all tested
mode mixities and the critical deformation of the adhesive in the peel direction is virtually independent of the
mode mixity. The constitutive behaviour of the adhesive layer is obtained by the inverse method. Two
approaches are used to ﬁt the J values; both give consistent results. The obtained constitutive behaviour of
the mixed mode loaded adhesive layer is coupled and mode dependent. The peak peel stress rc is found to
be 11–14 MPa under pure mode I, and decreases with increasing shear. The peak shear stress sc is about
17–26 MPa under mode II, also decrease with increasing peel.
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In Fig. A1 the interfaces of the adhesive layer to the adherends are given by line l1 and l2 in the undeformed
conﬁguration. Let Points A and B illustrate the position of the crack tip of the adhesive at the upper and lower
interface, which correspond to Points 2 and 3 in Fig. 4.2, respectively. After deformation, the upper and lower
adherend rotate w01 and w
0
2, respectively, with Euler–Bernoulli beam theory. Thus, the interfaces l1 and l2
rotates to positions l01 and l
0
2. We deﬁne a middle line of the adhesive layer, which has then rotated withc ¼ ðw01 þ w02Þ=2 ðA1Þ
This gives also the rigid body rotation of the entire specimen. In Fig. A1, we draw a dashed line that intersects
l2 at B with angle c. Assume that A remains its position and B moves to B 0 after deformation. Rigid body
translation is used here to translate the deformed A position back to the undeformed. With Eq. (4.2), the
deformations relative to the x–y coordinate system arevo ¼ BD wo ¼ B0D and t ¼ AB ðA2Þ
where t is the thickness of the adhesive layer. The shear and peel deformation of the adhesive layer are deﬁned
as the diﬀerences of the longitudinal and vertical displacements of the adhesive/adherend interfaces relative to
the actual orientation of the adhesive layer, thusv ¼ CE ¼ AB sin cþ ðBDþ B0Dtan cÞ cos c
w ¼ ACþ B0E t ¼ AB cos cþ ðB0D BD tan cÞ cos c t ðA3ÞWith Eq. (A2), the deformations in the shear and in peel direction becomev ¼ vo cos cþ ðwo þ tÞ sin c  v o þ ðwo þ tÞc
w ¼ ðwo þ tÞ cos c vo sin c t  w o  voc ðA4Þfor small value of c. Thus, Eq. (4.3a,b) is obtained.
Appendix B
The fracture energy is deﬁned by the stabilized value of J, that Jc = Jstab, which is assumed to be the max-
imum value for all J < 0.97Jmax. The J and the mode mixity angle h are plotted against the total deformation
of the adhesive layer at the crack tip, D. Three representative loading angles, 90, 30, 0, are shown here. For
complete experimental result, cf. Ho¨gberg (2007). Here, each row represents a speciﬁc loading angle. To the
left, the evaluated J from the experiment is shown by thin lines, the J with the H-model by the thick solid line.A
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Fig. A1. The adhesive layer between interface l1 and l2 rotates to l1’ and l2’ after deformation.
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Fig. A2. For three representative loading angles, the evaluated J from the experiment (thin lines) are plotted together with the J by the H-
model (thick solid line) in the left column. The measured mode mixity (thin lines) are plotted together with the estimated mode mixity
(circles) in the right column.
J.L. Ho¨gberg et al. / International Journal of Solids and Structures 44 (2007) 8335–8354 8353To the right, the measured mode mixity by the deﬁnition in Eq. (4.7) is illustrated by thin lines, the estimated
mode mixity he using Eq. (4.9) is depicted by circles. Good correspondence is shown for all loading angles
(Fig. A2.)
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